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The slow motion of a sphere in a rotating, viscous fluid
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The uniform, slow motion of a sphere in a viscous fluid is examined in the case
where the undisturbed fluid rotates with constant angular velocity £ and
the axis of rotation is taken to coincide with the line of motion. The various
modifications of the classical problem for small Reynolds numbers are discussed.
The main analytical result is a correction to Stokes’s drag formula, valid for
small values of the Reynolds number and Taylor number and tending to the
classical Oseen correction as the last parameter tends to zero. The rotation of a
free sphere relative to the fluid at infinity is also deduced.

1. Introduction

In this paper we give a simple extension to rotating flows of the classical low-
Reynolds-number theory for infinite three-dimensional regions. The perturbation
method which is used is due to Kaplun & Lagerstrom (1957). A problem in
magnetohydrodynamiecs, similar in many respects to that discussed here, has
been treated by Chester (1957) and, using the methods of the present paper, by
Chang (1960). The suggestion that this similarity should extend to the perturba-
tion procedure was made by Maxworthy (1962).

The following specific problem is examined. Consider a fluid of constant
density p and kinematic viscosity v, which is in solid-body rotation with angular
velocity Q. A sphere of radius @ moves with speed U along the axis of rotation,
and is free to rotate about the same axis. An approximate description of the flow
pattern is sought, which is valid in the asymptotic sense for small values of the
Reynolds number Ee = Ua/v and Taylor number 7'a = Qa?/v. Such an approxi-
mation can be obtained (cf. §6) by expansion with respect to Ee alone, with a

new parameter c, a = 2(Ta/Re?) = 2(Qv|U?),

held fixed. The principal results of the present investigation may be summarized
as follows. If D is the drag experienced by the sphere, and if w is the angular
velocity of the sphere relative to the fluid at infinity, then the expansions with

respect to Re are D/6mpyUa = 1+ A(x) Re +o(Re), (1a)
w/Q = y(a) Re+ o(Re), (1)

where the functions A(a) and y(«) are given by the definite integrals

) = z f : {2+ diat)} + (2 — dict)}} (32— 1), (2a)

* Now at Courant Institute of Mathematical Sciences, New York University
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y f1
x(@) = g’—; f {24 diat)t — (12— diat)}} (383 1) dt. (20)
0

(Numerical values and series expansions are given below in §4.)

The derivation of (1), (2) is described in §§2-4.7 In §2 the main elements of
the perturbation method are reviewed, in order to point out the modifications
that are required to account for rotation. It is found that the effect of rotation is
twofold. First, there is near the sphere an added acceleration caused by the
Coriolis force. This acceleration is O(T'a) and therefore is here of higher order than
the non-linear effect (the added acceleration due to the non-linear terms) which
is O(Re). Secondly, in the outer flow field, a distance O(&e~1) from the sphere,
the Coriolis term is of the same order of magnitude as the viscous and convective
terms and the perturbation caused by the sphere is consequently altered. This last
effect changes the values of the velocity perturbation observed near the sphere,
and therefore appears in the computation of the second-order velocity there as
a change in the boundary conditions at ‘infinity’. To compute these new con-
ditions (actually matching conditions) a Fourier representation of the outer
solution will be used and is derived in §3. Finally, in §4, the computation of A
and y is completed by showing how these numbers can be extracted from our
partial knowledge of the flow field.

In §5 we consider briefly the effect of rotation upon the wake structure far
from the sphere. It is shown that the perturbation there consists of symmetric
diffusive wakes extending fore and aft of the sphere. The transverse dimension
of these wakes grows as the one-third power of the distance, in contrast with the
one-half power dependence of the viscous wave of the Oseen theory.

2. Asymptotic expansions in Re

The equations appropriate to the physical problem described in §1 are (in

dimensionless notation with reference velocity U and length a)
Req.Vq+Vp+2Taixq—Viqg = 0, (3a)
V.q=0. (3b)
Since the sphere is free to rotate about the axis of symmetry, the boundary
conditions are q = (aw/U)ixr when 7= (22+y2+2%)} =1; (3¢)
q=i, p=0 when 7r=o0. (3d)

In the above, the co-ordinate system moves with the sphere, and rotates with the
undisturbed fluid so that the term in (3a) containing 7' has its origin in the
Coriolis force experienced by a fluid element. The quantity p is defined by

P = (alprU) [p* — 3pQ2a2(y? +23)),
where p* is the pressure. In (3c¢), w is the dimensional angular velocity of the
sphere relative to the rotating co-ordinate system. This parameter is not known in

1 An earlier analysis by the author was devoted exclusively to the drag correction.
The relative rotation of a free sphere was subsequently deduced by Saffman (1963), to
whom the author is indebted for permission to include his results in the present paper,
and also for comments on a previous draft.
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advance but will be determined (as a function of Re and 7’a) by the requirement
that the torque on the sphere be zero.

In the present paper we seek to find an approximation to q,p in r > 1, valid
for small Re, with the additional stipulation that Ta = Ta(Re) = O(Re?) = Lo.Re?.
This can be accomplished with the help of known expansion procedures, since
the rotating (« > 0) and non-rotating (« = 0) cases of our problem are very
similar in form. Following Kaplun & Lagerstrom (1957), we shall consider inner
and outer expansions in Re, having the respective forms

a(r; Re) = au(r) + Rea,(r) +o(Re) (1< 7 < o), (4a)
q(r; Re) = i+ Req’(F)+o(Re) (F > 0), (45)

where in (46) the outer variables £ = xRe, §j = yRe, £ = zRe are used. Expansions
for the pressure are similar and will be omitted. If « > 0 inner and outer ex-

pansions of the axial vorticity ¢, t=1.Vxaq,

of the respective forms
{(r; Re) = Re¥l,(r)+o(Re?) (1 <r < o), (5a)
{(r; Re) = Re?(y(r) +o(Re?) (F > 0), (80)

must also be considered, as will be apparent below.
The construction of (4) and (5) will now be reviewed and proceeds as follows.
The leading terms q,, p, can be shown to be solutions of Stokes’s problem,

Vp,—Viqy =0, V.qy=0, (6a)
Po=0, gy=1i when r=co, (66)
q,=0 when r=1. (6¢)

In particular the matching conditions (65) are unchanged by rotation to this
order. The inner boundary condition (6¢) states that the sphere does not rotate
differentially to this order. To see that this must be so, suppose that a term of
order unity proportional to i x r is added to q, as defined above, so as to satisfy
a boundary condition for differential rotation. The resulting term of order unity
in the inner expansion of ¢ must then be matched with a corresponding outer
term. This clearly is not possible, since far from the sphere the perturbation is
small and the fluid moves axially. In order to satisfy the matching condition
on ¢, it is therefore necessary to add to q, a second term which satisfies a null
condition on the sphere and cancels the solid-body rotation at infinity. The sum
of the two added terms thus provides a solution of the Stokes equations which
represents the flow caused by a sphere spinning in a fluid at rest, and this requires
a torque of order unity. Our previous condition, that the torque be zero to all
orders in Re, eliminates this possibility and we conclude that g, must satisfy
(6¢). This is an obvious result at this stage, but essentially the same argument
may be used for higher-order terms.

The first-order outer terms q’, p’ satisfy the Oseen equations, containing now

the Coriolis term ,
aq

2% +Vp +aixq' —V2q' =0, (7a)

V.q' =o. (70)
20-2
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The outer boundary conditions are
q =0, p’=0 when #=o0, (7¢)

and there is in addition amatching condition at# = 0. There are several equivalent
ways of stating this last matching condition. In this paper we shall require that
q’ have at 7 = 0 the singularity of a ‘fundamental solution’ of (7) corresponding
to a force equal to the Stokes drag of the sphere. Such a solution may be obtained
formally by solving (7) with the right-hand side of (7a) replaced by — 67d(¥)1.
That this is a sufficient condition on q’ can be seen by the following argument.
The precise matching condition states that a certain part of q,, which dominates
this term in some intermediate region where the matching condition is applied
(the overlap domain), is cancelled there by a part of i + Req’. The common part
of these two terms may be shown to be equal to a fundamental solution of the
Stokes equations, corresponding as before to the Stokes drag. If we denote this
common part by A, the matching condition then states that i+ Req’ —A is
bounded when T is small, i.e. in a region where the Stokes equations approximate
the Oseen equations. Thus the singularity is the same in either case. The physical
meaning of this is that in the overlap domain the sphere has the same effect
as a point disturbance.
The inner terms of order Re satisfy

Vp,-Viq; = ~-q,.Vq,, V.q,=0. (8a)
The matching condition is obtained by writing

i+Req'—A = Re{B(x)+o(1)} as #—>0,

A=i-—§(1_vx),

2\r 2r
where B(x) is also dependent on the direction of 7 (cf. §4). Then it is required that

lim g, = B, (85)
Re—0
where the co-ordinates lie in some overlap domain. The condition that the torque
on the sphere vanishes to order Re inclusive implies, in the same way as before,
that the term q, satisfies the null condition

q, =0 when r=1. (8¢)

The first non-trivial term in the inner expansion of { is of order Re?, and there
are two contributions. First, the Coriolis force associated with q, is of this order.
Secondly, the outer term q’ introduces, through the matching condition, a non-
zero term of this order. Using (5) in the equation for the vorticity

V2, = —ai.éq,/ox, (9a)
lim  &(r) = C(a), (99)
Re—0

say, in some overlap domain, where

G(F) = Oy +0(1) as 7— 0. (10)
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From the above we may draw an important conclusion. To order Re in velocity
and to order Re? in §, i.e. to first order in each case, the effects of rotation lie
entirely in the appearance of the Coriolis term as a foreing term in (9a), the altered
matching condition (85), and the new matching condition (956). This means that,
for the purpose of obtaining the inner flow field to these orders, and subsequently
to carry out the computation of A and y, only an expansion of q' for small # is
actually used to extract the quantities B(«) and C(«). This will allow us to simplify
the analysis considerably, since this expansion can be found, for example, directly
from a Fourier representation of q’. We now turn to this problem.

3. The fundamental solution
We may solve (7), now with —678(T)i on the right-hand side of (7a), by
introducing the three-dimensional Fourier transforms I'(k), I1(k) defined by

.1 [
q' = g5 | T(k) dk, (11a)

1 ,

fe | pik.E
P =gl (k) dk. (115)

Substitution of (11) in (7) leads formally to the system

thy T + 7K1l + oi x I'+ kT = — 67, (12a)
k.I'=0, k=ki+kj+kXK, (1256)

for I and II. The cross-product of k and the first of these equations, taken twice,
yields two equations which may be solved for I'. Thus

(k2 — ke, K) (K2 + ike;) — ey (K x )
I'k) = — ﬂ[ e ] (13a)
TI(k) = i/k*[6mk, +c(k x i).T], (13b)

In order to prove that (11), (13) define the outer terms we must show that (i) q’
plus 67 times the fundamental solution of the Stokes equations is bounded in a
neighbourhood of the origin; (ii) the boundary conditions (7¢) are satisfied; and
(iii) the terms in (7a) and (7b) exist and the equations are satisfied when 7 > 0.
To show (iii) it suffices to consider the partial inversion of I or II with respect to
k,. We use the theory of residues and evaluate the integrand at roots k&, of

(k2 + ik, )2 k2 +o2k2 = 0, (14)
which lie in a suitable half-plane. It is easily seen that a root of (14) has non-zero
imaginary part, uniformly on 0 < & < k2+ k% < o0;. The residues corresponding
to those roots which have positive imaginary part therefore vanish exponentially
as k% + k3 — oo uniformly for 2 > € > 0, where ¢ is arbitrarily small. The integral
with respect to k, and k; converges, along with all derivatives, absolutely, and
(iii) may therefore be established from this representation.

In order to prove (i) and (ii), we first define I'y, 115, the Fourier transform of
the Stokes solution (A —1i)/Re (cf. §2), by

tkll g+ 2Ty = — 67, (15a)
k.T'y=0. (15b)
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Thus

_ (k21— kyK) (5ky Kt — k3 K2 + a?k}) + ake, b4k x i)
T-Ts= 6”[ (k2 1 k) TR+ R kS > (169)
M-Il = akxi).T/k% (16d)
It is seen from (16) that there are constants M, N such that, fora > 0,0 < k € oo,
we have the estimates IT—Tg| < Mk(1+k), (17a)
[TI—TIg| < N/k*(1+k). (17b)

That q’ and p’ vanish at infinity follows from (17), using the Riemann-Lebesgue
lemma, and from the fact that the Stokes solution defined above vanishes there.
Finally, it can be shown from a direct calculation (which we carry out in §4)
that the integral of (I'—T'g) e¢’*-¥ with respect to k is bounded at the origin.

4. Computation of A and x

In the present paragraph we shall show how the numbers A(z) and y(2) can
be found from the Fourier representation of q’. In doing so only a part of the
inner expansion of contributing order need be considered, and we begin with
several observations concerning this point.

It is known from the results of Kaplun & Lagerstrom (1957), Chester (1962) and
others that the Navier-Stokes and Oseen expansions of, for example, the drag
agree to order Re inclusive for certain classes of solids. In particular, for asphere,
that part of q, which is associated with the forcing term —q,.Vq, does not make
a contribution to the drag, as can be seen from a symmetry argument. Let us
call a flow field q odd if the axial component is odd in «. Then the symmetry
argument states that in the axially symmetric problem under consideration an
odd term in q, cannot alter the drag of a solid symmetric about « = 0. This
eliminates not only the particular solution of (8a), but also odd terms which are
induced by the matching condition (85). Similarly, in the inner term {,, a part
which is odd in z cannot cause a solid symmetric about the plane x = 0 to rotate
differentially. This eliminates from our discussion the part generated by the
forcing term in (9a), as well as odd terms induced by the matching condition
(9b). The computation of A and  therefore depends solely upon the homogeneous
solutions of (8a) and (9a) which match with the even part of B and C, and satisfy
the inner boundary condition.

Now, by definition,

(1/87r3)f (F'—Tg) e®-tdk = B(a)+o(1),

(i/87r3)fi.(kx I') efk-fdk = C(or) +o0(1),

as # — 0. To evaluate the terms on the left we shall divide up the region of
integration into two parts, 0 < k < 777, and k > 79, where 0 < o < 1.1 Then,
using (17), we have

1 w1 ; (k2 — oy K) Ky
ﬁf(r—rs)e@ dk = o f (I‘—I‘S)dk+ﬁ f T
k<#-o k>f—o
x ¢%-Fdk + O(F1~7) 4+ O(7) (18)
1 This step was suggested to the author by a referee.
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as ¥ — 0. The second term on the right-hand side of (18) is an odd term, while the
first is parallel to i. In the limit there is obtained

3 (R —E) Ry kO — K2R+ kR
T 4ot (k% + iky) kS + o 22 et

B(«) dk+ ..., (19a)

where the dots indicate an odd remainder and integration is now over all k.
The computation of C(«) is similar and there results

3¢ ky(k*— k2
(@) =171?“f(k2+§1(cl)2kzjr)azk§dk+"" (195)
where again the omitted term is odd.

The passage from (19) to (1) is now straightforward. That part of q, which
matches the even part of B is clearly proportional to g, and there is a proportional
increment in the drag. Thus Ais equal to the coefficient of i displayed on the right
of (19a). That part of {, which matches the even part of C will contribute a
torque unless it reduces to a constant, representing a solid-body rotation of the
inner flow field with dimensionless angular velocity }Re?xy(x), according to
(1b). It follows that the term displayed on the right of (19b) is equal to ay(a).
The more useful expressions (2) given above may then be obtained from the
integrals over k in (19) by the introduction of spherical co-ordinates and contour
integration with respect to k.

For 4 > 1 we have the expansions

A(a)=2\/(2“)(1 71, 161 49 l—...), (20a)

20a T 12084230036 28

7
2 51 35 1 45 1
X =g p\! ~5T6 T 109222 2816003 T ) (200)

For values of & between 0 and 1, tables 1 and 2 may be used. It is interesting
to note that, for sufficiently small values of «, the effect of rotation is actually to

a Aa) a Afer)
0 0-375 0-40 0-379
0-05 0-367 0-45 0-386
0-10 0-359 0-50 0-395
0-15 0-356 0-60 0-411
0-20 0-356 0-70 0-429
0-25 0-360 0-80 0-445
0-30 0-365 1-0 0-479
0-35 0-371 — —

TABLE 1

o —x(a) o —x(a)
0 0-375 0-50 0-313
0-10 0-375 0-67 0-287
0-23 0-367 0-83 0-266
0-37 0-337 1-00 0-248

TABLE 2
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decrease the drag, the minimum occurring for « = 0-175 approximately. The
behaviour of A(a) near « = 0 is given by the expansion

Afa) = §+3a2loga+ O(atlog a). (21)

The first term on the right of (21) corresponds, of course, to the classical Oseen
correction.

We remark also that, according to (20a), when o - oo, (1a) may be written
in the form

D

Dy

where Dy is the Stokes drag and ¢ = Dg/pUva. It can be shown that (22) is valid

also for any finite solid which is symmetric about the axis of rotation. This result

may be compared with a formula obtained by Chang (1960) for a related problem
in magnetohydrodynamics.

2¢
= 14+ —""Tqt
1+ ol Taz+0O(Ta), (22)

5. The wake structure

The structure of the fundamental solution derived in §3 is far more compli-
cated in the rotating case than in the non-rotating case. However, if we restrict
attention to the flow field at large distances, i.e. when # > 1, the main effect of
the Coriolis force is quite easily seen. The peculiar effects of rotation on the
flow field at large distances are most obvious from the approximate form of the
partial-differential equation which is governing there. The full equation, satis-
fied in # > 0 by the velocity components and pressure, follows from (14) and is

\ (V2-a%) (V2 )¢+oc2 *9 _ o, (23)

If & = 0, it is well known that a decomposition or splitting of the solution occurs,
and that part of the solution which is identified with the viscous wake satisfies
the reduced equation
a¢ -, 2
2 2
Vig T =0, V2= P (24)
when 7 > 1. If & > 0, however, the splitting does not occur and the entire wake
structure is described by solutions of the reduced equation

2

Vig +a2gf =0 (25)

when # > 1. Therefore, at large distances the flow pattern is entirely changed by

the action of the Coriolis force. For example, we note that (25) admits solutions

which are symmetric in &, while (24) does not; also, the width of the wake grows
as # rather than as &%,

In order to determine the approximation to the fundamental solution we return
now to the Fourier representation. If the velocity is expanded for large |&|, the
dominant contribution to the integral with respect to k, occurs when the imagin-
ary part of the root of (14) is smallest, and this implies that a neighbourhood of the
origin k = 0 is to be considered. It is next seen that in order that k be small and



The slow motion of a sphere in a rotating, viscous fluid 313

simultaneously lie on the surface defined by (14), &, must be of the order of the
cube of the transverse components. If this approximation is made in (11a),
there results for the axial component of velocity

i (kz—-ki)zeik'i
T am?) (- KR + atled

1 F-1
= —mF(WHO(T )s

!

u =

dk + o(F1)

where @
F(y) = 3f | e dons)ds, = (72 +22) (o] 2])3.

The function F(y) is shown in figure 1. Note that over a portion of the wake the
speed exceeds the free-stream speed.

6

F

Figure 1. Axial velocity perturbation in the distant wake.

6. Discussion

The limit-process expansions (4), (5) have been introduced with the specific
intention of finding how the rotation of the fluid affects the classical Stokes
flow. Therefore, in a definite sense the present theory is ‘higher order’ and the
effects which are calculated are in the same sense ‘small’ effects. (Of course, the
relation between the Stokes and Oseen flows is such that arbitrarily small
rotation alters the perturbation at large distances.) However, the freedom which
we have in the choice of Ta(Re) and the stretching of the co-ordinates would
appear to offer more than one possible form for these results. We can investigate
this question in physical terms by reducing all small terms to the role of forcing
terms in Stokes’s problem.

If we want to assess the effect of a forcing term, however small, we must
consider at the same time the size of the region over which the equation is defined.
The relationship between the order of magnitude of the forcing term proper, and
the order of the infegrated effect of the term, is by no means obvious in many
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physical problems involving infinite regions. In the present example, however,
the following simple argument may be used. Let L3 denote the volume of a closed
region containing the sphere (e.g. another sphere). Consider now the convective
(Oseen)term, the Coriolis term, and the viscous stress term in (3a). The integrated
order of magnitude of these terms, taking into account the number of derivatives
involved, is L?Re, L3Ta, and L, respectively. We can study the solutions in the
most general way if these orders are all the same, and, if this is so, then

L = O(Re™?), Ta= O(Re?.

Thus the stretching factor and the parameter o emerge from the desire that the
integrated effects of all perturbations of the Stokes flow, over a region where the
latter is valid, be comparable. We can simplify in various ways, by taking «
small or large, without invalidating the general results, although in the case of
a large it is necessary to require that

Ta = taRe? < 1 (26)

in order to justify the division of the approximation into inner and outer expan-
sions. (It is now apparent that, whereas it was convenient to introduce « as a
fixed positive parameter, it is actually sufficient to require that (26) be satisfied.)

It is seen from these considerations that, in order to examine the effect of a
dominant Coriolis term in so far as the outer problem is concerned, we may assume
initially that a is large. If 2 is also so large that aRe > 1, then this approximation
can be made in the inner problem as well, so that with no further restrictions on
Ta the governing equations may be taken to be

Vp+2Taixq-—-V3q, V.q=0. (27

For these ‘Stokes’ equations the present paper provides approximation valid
for T'a small. If Ta is not small, then the effect of the Coriolis force is of
order unity over the inner flow field, and (27) must be solved with the exact
boundary condition on the sphere.

The author would like to acknowledge several helpful discussions with Dr T.
Maxworthy, whose measurements of D and o (to be reported) stimulated the
present work. The author is also indebted to a referee, whose comments led to
several improvements in this paper.
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